Gauge invariance is the cornerstone of modern quantum field theory [1] [2] [3] [4] . Recently, it has been shown that the quantum Rabi model, describing the dipolar coupling between a two-level atom and a quantized electromagnetic field, violates this principle [5] [6] [7] . This widely used model describes a plethora of quantum systems and physical processes under different interaction regimes [8, 9] . In the ultrastrong coupling regime, it provides predictions which drastically depend on the chosen gauge. This failure is attributed to the finite-level truncation of the matter system. We show that a careful application of the gauge principle is able to restore gauge invariance even for extreme lightmatter interaction regimes. The resulting quantum Rabi Hamiltonian in the Coulomb gauge differs significantly from the standard model and provides the same physical results obtained by using the dipole gauge. It contains field operators to all orders that cannot be neglected when the coupling strength is high. These results shed light on subtleties of gauge invariance in the nonperturbative and extreme interaction regimes, which are now experimentally accessible, and solve all the long-lasting controversies arising from gauge ambiguities in the quantum Rabi and Dicke models [5, [10] [11] [12] [13] [14] [15] [16] [17] [18] .
The ultrastrong-coupling (USC) between an effective two-level system (TLS) and the electromagnetic field has been realized in several solid state systems [8, 9] . In this regime of quantum light-matter interaction, going beyond weak and strong coupling, the coupling strength becomes comparable to the transition frequencies in the system. Recently, circuit QED experiments involving a single LC-oscillator mode coupled to a flux qubit superconducting quantum circuit have realized coupling strengths larger then the system transition frequencies [19, 20] . This extreme interaction regime has been denoted deep strong coupling (DSC). In these interaction regimes, several properties of coupled light-matter systems change drastically, opening the way to a wealth of new intriguing physical effects (see, e.g. [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] ) which may offer opportunities for the development of quantum technologies [36] [37] [38] [39] [40] [41] [42] [43] [44] .
The form of the electron-photon interaction is gauge dependent (see, e.g., [45] ). However, all physical results must be independent of this choice. Gauge invariance is a general guiding principle in building the theory of fundamental interactions (see, e.g., [1, 3] ). Let us consider, for example, a particle field whose action is invariant under a global phase change [U (1) invariance]. If this phase is allowed to depend on the space-time coordinate x, its action is not invariant because the coordinate-dependent phase φ(x) does not commute with the derivatives (corresponding to the four-momentum) in the action. The symmetry can be restored replacing these derivatives with covariant derivatives: D µ = (∂ µ + iqA µ ), where q is the charge parameter and A µ is the gauge potential. If the transformation of the particle field ψ → e iφ(x) is associated to a gauge transformation of the four-vector potential A µ → A µ − ∂ µ θ, the local U (1) symmetry is restored.
The coupling to the field, obtained performing the replacement ∂ µ → D µ in the free Lagrangian, is called the "minimal coupling".
It has been shown by several authors [46] [47] [48] [49] [50] that approximate models for light-matter interactions derived in different gauges may lead to different predictions. It has also been shown that the convergence of the two-photon transition rate depends significantly on the choice of the gauge [51] .
When the light-matter interaction becomes very strong, different gauges can lead to drastically different predictions, leading to controversies [5, [10] [11] [12] [13] [14] [15] [16] [17] [18] . For example, in the case of several TLSs interacting with a single mode of an optical resonator [52] , different gauges may even lead to very different predictions, such as the presence or the absence of a quantum phase transition.
One important conclusion that can be drawn from these controversies is that, once the light-matter coupling becomes non-perturbative, the validity of the two-level approximation for the atomic dipoles depends explicitly on the choice of gauge. In particular, it has been shown [6] that in the electric dipole gauge (the multipolar gauge in the dipole approximation) the two-level approximation can be performed as long as the Rabi frequency remains much smaller than the energies of the off-resonant higher-energy levels. However, it can dramatically fail in the Coulomb gauge, even for systems with an extremely anharmonic spectrum [6] . This unexpected result is particularly unsatisfactory, since the general procedure to derive the multipolar gauge consists of using the minimal coupling replacement first, and then applying the Coulomb gauge [45] .
In a recent work [7] , considering arbitrary gauges for the interaction between a TLS and the electromagnetic field, it has been shown that physical predictions in the USC and DSC regimes strongly depend on the gauge choice. The gauge which provides the more accurate results seems to depend on the detuning between the cavity mode resonance and the atomic transition frequency.
From all of these previous studies, it is clear that approximations in the description of the matter system, as e.g., a finite-level truncation, ruin the gauge invariance of the theory. In 1970, Ref. [48] pointed out that gauge ambiguities in the calculation of atomic oscillator strengths, originate from the occurrence of nonlocal potentials determined by the approximation procedures. Since a nonlocal potential in the coordinate representation is an integral operator, it does not commute with the coordinate operator. Indeed, it is easy to show that it can be expressed as a local momentum-dependent operator V (r,p). This affects the interaction of light with quantum systems described by approximate Hamiltonians. Specifically, in order to introduce the coupling of the matter system with the electromagnetic field, the minimal replacement rulep →Π =p −Â(r, t) (Â is the vector potential) has to be applied not only to the kinetic energy terms, but also to the nonlocal potentials in the effective Hamiltonian of the particles in the system. By applying such a procedure, the ambiguities in the calculation of approximate matrix elements for electric dipole transitions can be removed [48] . Moreover, taking into account the nonlocality of the approximate potential, two-photon transition rates involving Wannier excitons in semiconductors become gauge invariant [49] . Also the microscopic quantum theory of excitonic polaritons is affected by the presence of nonlocal potentials. The application of the standard minimal coupling replacement leads to a total Hamiltonian which, besides the usualÂ·p term, displays an additional diamagnetic term e 2Â2 /2m, where e and m are the electron charge and mass respectively. If a limited number of exciton levels are explicitly included in the model, the long wavelength solution of the polariton dispersion cannot be recovered without introducing ad hoc the Thomas-Reiche-Kuhn sum rule and truncating the summation consistently [53] . This procedure presents some ambiguity and appears to be rather artificial. However, if the nonlocality of the approximate potential is taken into account and the resulting additional terms are included, up to second order in the vector potential, the correct dispersion relation is automatically recovered [54, 55] . In summary, the concept of approximation-induced nonlocal potentials, together with an expansion of the interaction Hamiltonian up to second order in the vector potential, was able to overcome a number of gauge ambiguities.
Here we investigate if this strategy can work in the maximally truncated Hilbert space provided by a TLS, and in the nonperturbative regimes of cavity QED. This investigation is relevant not only in order to remove gauge ambiguities in quantum optical systems which are attracting great interest, but also provides a general insight on gauge invariance in extreme interaction regimes. We find that the usual strategy, which consists of taking into account the nonlocality of the atomic potential, performing the minimal coupling replacement and developing the resulting interaction Hamiltonian up to second order in the vector potential, fails when the coupling strength reaches a significant fraction of the resonance frequencies of the system. We demonstrate that these gauge ambiguities can be eliminated for arbitrary coupling strengths only by taking into account the approximation-induced nonlocality and keeping the resulting interaction Hamiltonian to all orders in the vector potentialÂ. The results presented here solve all the long-lasting controversies arising from gauge ambiguities in the quantum Rabi and Dicke models.
RESULTS

Nonlocal potentials
In order to understand why local potentials become nonlocal when the Hilbert space is truncated, let us consider a one-dimensional potentialV . In the position basis, it can written aŝ
If the potential is local, its matrix elements can be written as x|V |x ≡ V (x, x ) = W (x)δ(x − x ). If |n is a complete orthonormal basis, the matrix elements can be expressed as
, where we defined ψ n (x) ≡ x|n . Notice that the Dirac delta function can be reconstructed only by keeping all the infinite vectors of the basis. Hence, any truncation of the complete basis can transform a local potential into a nonlocal one. If only two states are included, e.g., the two lowest energy levels, we obtain
where, for simplicity, we assumed parity symmetry and real matrix elements. It is evident that adding the two terms in Eq. (2), which are products of two smooth wavefunctions it is not possible to reproduce the Diracdelta function and this will result into a potential with an high degree of spatial nonlocality. It has been shown by several authors [48] [49] [50] that a nonlocal potential can be expressed as a momentum-dependent operator V (r,p). Indeed, by using the translation operator
, wherep is the momentum operator, we obtain
The dipole gauge
We consider a single electric dipole with charge q coupled to a single mode of the electromagnetic field. The field mode is described by a harmonic oscillator with bare frequency ω c and annihilation and creation operatorsâ andâ † . In one dimension, the dipole can be modeled as an effective particle of mass m in a potential V (x). Its unperturbed Hamiltonian isĤ 0 =p 2 /(2m) +V (x). Applying the dipole approximation, the total Hamiltonian in the dipole gauge iŝ
where A 0 is the zero point fluctuation amplitude of the vector potentialÂ = A 0 (â +â † ). If the two lowest-energy levels of the effective quantum particle are well separated from the higher energy levels, as in the case of flux qubits [19] , and if the detuning δ = ω 10 − ω c (ω 10 is the transition frequency of the two lowest energy levels) is much smaller than the detunings with respect to other transitions, it is possible to truncate the Hilbert space considering only the two lowest-energy levels. In this case, the unperturbed particle Hamiltonian reduces toĤ 0 = ω 10σz /2, and the total Hamiltonian becomesĤ / , which results from the expectation value i|x 2 |j by using the TLS identity operator I 2 = |0 0| + |1 1|. This term could be calculated more accurately by including it in the particle potential, before the diagonalization. However, we made the choice of considering the interaction terms only after the Hilbert space truncation. De Bernardis et al. [6] have shown that, for an effective particle displaying the two lowestenergy levels well separated from the higher energy levels (ω 21 g D ), the two level approximation provides results which are in agreement with those obtained using the full Hamiltonian in Eq. (4), even for extreme coupling strengths (g D ω 10 ).
Derivation of the quantum Rabi model in the Coulomb gauge
In the Coulomb gauge, the Hamiltonian describing the interaction of an effective quantum particle with the electromagnetic field can be obtained applying the substitutionp →p − qÂ to the particle HamiltonianĤ 0 . The well-known result iŝ ProjectingĤ C in a two-level space, we obtain
The diamagnetic term q 2Â2 /(2m) can be absorbed by using a Bogoliubov transformation involving only the photon operators [6, 19] .
In Fig. 1 we plot the energy differences (E n − E 0 ) for the lowest eigenstates ofĤ D ,Ĥ C , andĤ C [see Eq. (10) Fig. 1 shows that, for very small values of the coupling, the eigenvalues of the different Hamiltonians reproduce the expected behaviour. However, already at moderate coupling strengths, η ∼ 0.1, there are significant deviations in the predicted energies, in agreement with the results obtained in Ref. [6] . For values of η 0.5 the differences become dramatic. The analysis carried out in Ref. [6] clarifies that the disagreement between the eigenvalues ofĤ D andĤ C is due to the failure of the Rabi model to provide correct results beyond small coupling values in the Coulomb gauge (Ĥ C ).
However, this derivation of the quantum Rabi model in the Coulomb gauge does not take into account that, in the presence of a truncated Hilbert space, the particle potential can loose its localityV (x) →V (x,p). In this case, in order to preserve gauge invariance, one has to apply the substitutionp →p − qÂ also to the potential. In principle, this procedure can give rise to additional terms in the interaction Hamiltonian to all orders in the vector potential. These higher order terms are expected to be negligible for small normalized couplings η, but can become relevant at higher coupling strengths.
As shown in detail in the Supplementary Note 1, using some general operator theorems [56] , it is possible to apply the minimal coupling replacement to both the kinetic energy and the nonlocal potential of the effective Hamiltonian of a quantum particle by employing a unitary transformation [54] :
whereĤ ph = ω câ †â . In the dipole approximation, the unitary operator isÛ
If the two-level approximation is used, in order to include the interaction, one has to consistently project Eq. (8) in the two-level space before performing the unitary transformation ofĤ 0 :
where the projected unitary operator iŝ
Note that the standard procedure consists of applying the minimal coupling replacement to the exact matter HamiltonianĤ 0 as, e.g., in Eq. (8), and then to project the resulting Hamiltonian in the truncated Hilbert space:
whereP is the projection operator for the truncated Hilbert space, and we used the relationÛVÛ † =V , valid when the potential is local. Note that, in contrast to Eq. (10), Eq. (12) contains a nonlocal potential PVP to which the gauge principle has not been applied. This analysis explains why the standard approach fails when applied to a matter system described in a truncated Hilbert space.
Of course, this procedure can be easily generalized to any truncated Hilbert space. It is remarkable that it takes automatically into account the presence of nonlocal potentials, even without knowing them explicitly. Noticing that the operatorÛ corresponds to a spin rotation along the x axis, we obtain
This is the correct Hamiltonian in the Coulomb gauge of the quantum Rabi model. The price one has to pay for preserving the gauge principle in such a truncated space is that the resulting Hamiltonian will contain field operators at all orders. The generalization to multimode fields [57] [58] [59] is straightforward. When the normalized interaction strength is sufficiently weak, it is possible to expand the trigonometric functions up to the linear or quadratic terms. However, when g D becomes comparable with ω c (i.e., the USC regime), such expansion is not sufficient. When approaching, or reaching, the deep strong coupling regime (η 1) the field terms have to be included at all orders. Figure (1) shows that the numerically calculated energy spectrum ofĤ C coincides with that of H D . Hence we can conclude that, when the presence of nonlocal potentials, owing to the two-level truncation, is properly taken into account, it is possible to obtain correct results also in the Coulomb gauge. Equation (10) can be easily generalized beyond the single-mode approximation. Expanding Eq. (10) up to the second order in the potential, we obtain
(14) This equation differs from the standard quantum Rabi Hamiltonian in the Coulomb gaugeĤ C for the diamagnetic term, which now displays a different coefficient and depends onσ z . By introducing the Thomas-Reiche-Kuhn sum rule in the diamagnetic term ofĤ C and applying the two-level truncation [7] ,Ĥ C turns intoĤ (2) C . However, this procedure is quite arbitrary. Figure ( 2) compares the energy spectra ofĤ C ,Ĥ (2) C , andĤ C . In particular, we observe that for values of the normalized coupling below 0.1 the spectra of bothĤ C ) given byĤ C (black dotted lines). Increasing the coupling,Ĥ C gives spectra which rapidly become very different from the exact energy levels. The spectra ofĤ (2) C provide an improved approximation, which, for the lowest few levels, is acceptable for η 0.2. The range of values of η where the approximate models provide acceptable spectra reduces at nonzero detuning [ Fig. (2) (b) ].
In order to understand how many powers of the photon operators have to be included inĤ C to obtain correct spectra at higher η, we compared in Fig. 3 the approximate spectra, calculated from different n-order Taylor expansionsĤ (n) C ofĤ C , with the exact spectra (the eigenvalues ofĤ C ). The results are interesting: for n = 3 there is already a significant improvement (with respect to n = 2), up to η 0.25. However, the spectra become completely wrong already at η ∼ 0.3. Accuracy improves for n = 10, but only up to η 0.25. For n = 200, there is an excellent agreement, but only for η 1.3. These results show that for values of η larger than 1 (DSC), a very large n is needed to get the correct spectra. However, further increasing η requires the inclusion of more and more terms in the expansion. This confirms the nonperturbative spatial nonlocality which occurs when heavily truncating the particle's Hilbert space.
Specific results for circuit-QED systems can be obtained analogously. For example, the full Hamiltonian of a fluxonium capacitively coupled to an LC oscillator circuit [60] (corresponding to the charge gauge) can be obtained through an analogous minimal coupling replacement. As shown in the Supplementary Note 2, the resulting total Hamiltonian for the two-level model in the charge gauge is very similar to Eq. (10).
Resolution of gauge ambiguities
The HamiltoniansĤ D andĤ C are related by a gauge transformation [45] , which can be expressed by the unitary transformationĤ C =ĜĤ DĜ † . In the dipole approximationĜ =Û [see Eq. (9)]. Applying this gauge transformation, it is easy to obtain the quantum Rabi Hamiltonian in the Coulomb gauge Eq. (6) from Eq. (4). Of course, the inverse relationship also holds:Ĥ D = G †Ĥ CĜ . As discussed above, it has been shown thatĤ C (the two-level approximation ofĤ C ) gives rise to wrong spectra, thus ruining gauge invariance. In the previous subsection, we have demonstrated that the correct quantum Rabi Hamiltonian in the Coulomb gauge, based on the complete introduction of the gauge-preserving replacementp →Π =p −Â(r, t), isĤ C in Eq. (13) . Numerical results in Fig. 1 show thatĤ C gives correct spectra, thus providing clear indications that the procedure developed here restores gauge invariance in TLSs.
We now present an analytical demonstration of the gauge invariance of a TLS coupled to the electromagnetic field. We show that gauge invariance in a truncated Hilbert space can be fully preserved if the gauge transformation is consistently performed. We start from H D , which was shown to be a very good approximation of the full Hamiltonain H D , and apply the gauge transformation projecting the unitary operatorĜ =Û in the twolevel space:ĜĤ DĜ † , whereĜ =Û. The result of this unitary transformation should beĤ D →Ĥ C . Noticing that the operatorÛ corresponds to a spin rotation along the x axis, and using the Baker-Campbell-Hausdorff lemma, it is easy to obtain
This equation shows that indeedĜĤ DĜ † =Ĥ C . This result demonstrates that gauge invariance is preserved in a two-level truncated space, if the gauge transformation is applied consistently, and if we useĤ C instead ofĤ C .
Following Ref. [7] , it is possible to employ a formulation in which the gauge freedom is contained within a single real continuous parameter α, which determines the gauge through a function X α . The general gauge transformation in the dipole approximation is generated by a unitary transformation determined by the unitary operatorsÛ α = exp iX α , whereX α = αqxÂ/ . The values α = 0, 1 specify the dipole and the Coulomb gauge, respectively. The two-level projected unitary operator iŝ
The correct α-gauge Hamiltonian for a TLS is thuŝ We obtain
Since, the transformation in Eq. (16) is unitary, the Hamiltonian (17) will have the same energy spectra of H D =Ĥ (α=0) and ofĤ C =Ĥ (α=1) for any value of α. This eliminates any gauge ambiguity of the quantum Rabi model.
Derivation of the Dicke model in the Coulomb gauge
We now extend the results obtained above for a single two-level dipole (Rabi) to the multi-dipole case (Dicke) [5, 10, 61] . The standard Dicke Hamiltonian in the Coulomb gauge can be written aŝ
where the number N of dipoles determines the effective main angular momentum quantum number j = N/2, and
i . Similarly to the quantum Rabi Hamiltonian, it is possible to introduce the coupling between the matter Hamiltonian (in this case H N 0 = ω 10Ĵz ) and the electromagnetic field, by the minimal coupling replacement. In the presence of nonlocal potentials, this can be done by applying the unitary transformation
whereÛ
is the projection ofÛ N = exp iq kx kÂ / in a reduced Hilbert space, which is the tensor product of N two-dimensional Hilbert spaces. We obtain
This is the correct Hamiltonian in the Coulomb gauge for the Dicke model. Its gauge invariance can be easily proved following the same procedure shown in the previous subsection. This result eliminates any gauge ambiguity [5, 14, 15 ] of the Dicke model. The Hamiltonian in Eq. (21) is equivalent to the one in Eq. (45) of Ref. [5] (if direct dipole-dipole interactions are not included). The latter has been obtained applying a polaron transformation to the Dicke Hamiltonian in the dipole gauge. This unitary transformation, as observed by the authors [5] , is equivalent to a gauge transformation and hence gives rise to a Dicke Hamiltonian in the Coulomb gauge. However, as pointed out there, Ref. [5] does not solve the gauge ambiguities of the Rabi and Dicke models (see also Ref. [5, 6] ). Indeed, their direct derivation of the Dicke Hamiltonian in the Coulomb gauge was obtained employing the standard minimal coupling substitution, instead of the correct generalized one proposed here [Eq. (19] .
DISCUSSION
Approximate models for light-matter interactions derived in different gauges have produced drastically different predictions when the light-matter interaction strength reaches high values, such as the presence or absence of a quantum phase transition. We succeeded to identify the origin of these gauge ambiguities recently pointed out.
Specifically, we found that these ambiguities originate from the presence of potentials depending on both position and momentum (nonlocal potentials) in the effective Hamltonians describing the matter systems. This is an unavoidable consequence of the usual approximations (like Hilbert space truncation). In these cases, gauge invariance of the light-matter Hamiltonian can be preserved, even in the presence of extreme light-matter interactions, only by applying the minimal coupling replacement to both the kinetic and the potential terms of the effective Hamiltonian. A careful application of the gauge principle generates a quantum Rabi Hamiltonian in the Coulomb gauge, which is significantly different from the standard quantum Rabi model. It contains field operators to all orders that cannot be neglected when the coupling strength is high. The derivation presented here is based on the fundamental minimal coupling replacement, and thus is not limited to the Coulomb gauge. We have also derived arbitrary gauge descriptions (depending on a real parameter α) of cavity-QED Hamiltonians for TLSs. These results resolve all the controversies arising from gauge ambiguities in the quantum Rabi and Dicke models.
This analysis bring a deeper understanding of the subtleties of the gauge principle, which cannot be ignored in the nonperturbative and extreme interaction regimes, which are now experimentally accessible. The lesson that can be learned is very general: when introducing interactions according to the gauge principle, any approximation in the description of a quantum system requires a generalization of the minimal coupling replacement in order to avoid inconsistencies and completely wrong predictions. We presented a general method for the derivation of gauge-invariant light-matter Hamiltonians in truncated Hilbert spaces. This approach can be extended to study ultrastrong and deepstrong light-matter interactions beyond the dipole approximation [50] , where the multipolar gauge [45] is also affected by the presence of nonlocal potentials. A further interesting development could be the application of this analysis to many-body quantum systems strongly interacting with the electromagnetic field [62] .
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Using Eq. (22), we have
Observing that 
Then, by using the Baker-Campbell-Hausdorff Lemma, we obtain:
where we have used the result [χ(x),p] = i ∂ xχ (x). In conclusion, using Eq. (26), Eq. (25) becomes
Considering now the special function
whereÂ 0 ≡Â(x 0 ) is the field potential calculated at the atom position x 0 , we obtain
If we plug this result into Eq. (27), we get
demonstrating that the unitary transformation in Eq. (27) corresponds to the application of the minimal coupling replacement in the dipole approximation.
SUPPLEMENTARY NOTE 2: FLUXONIUM LC OSCILLATOR HAMILTONIAN IN THE CHARGE GAUGE
Here we derive the total Hamiltonian describing a fluxonium qubit (TLS) interacting with a superconducting LC oscillator [7, 60] . Considering for simplicity the case of a zero-flux offset, the fluxonium Hamiltonian is:
whereφ =Φ/Φ 0 = 2e/ Φ is the reduced flux operator with conjugate momentumN =Q/2e (the reduced charge), such that 
whereQ andΦ are the charge and the flux operator, respectively. We now introduce the reduced flux operatorφ = 2πΦ/Φ 0 and the reduced charge operatorχ =Q/(2e), whose commutator is [φ,χ] = i. These can be expanded in terms of the creation and annihilation operators:
where ϕ 0 = √ 2e 2 L Ω = √ 2 e 2 Z, and χ 0 = C Ω/(8e 2 ) = /8e 2 Z. The Hamiltonian of the LC oscillator can be expressed asĤ
where E C = e 2 /(2C) and E L = (φ 0 /2π) 2 /L. The capacitive coupling (charge gauge) between the fluxonium and the LC oscillator can be described by making the substitutionN →N +χ in the fluxonium Hamiltonian in Eq. (31) . The total Hamiltonian then becomes:
(34) This replacement is different from the standard minimal coupling replacement, it involves two conjugate momenta, instead of a conjugate momentum and a field coordinate. This minimal coupling replacement can also be obtained by applying a unitary transformation to the fluxonium HamiltonianĤ flux :
whereR = exp [iφχ] . This can be proved by following the procedure described in the next section. DiagonalizingĤ flux and then projecting Eq. (34) in a two-level space, spanned by the eigenstates |0 (ground state) and |1 (excited state), we obtain
where in the two-level approximation the reduced flux operator becomesφ = Φ 10σx (Φ 10 ≡ e|φ|g is assumed real), and g C = ω 10 φ 10 χ 0 . We also have:
withσ z = |1 1| − |0 0|. It can be shown that the total Hamiltonian in Eq. (36) is not gauge invariant because its derivation does not take into account the presence of an effective nonlocal potential which originates from the two-level truncation. In analogy with the procedure employed in the main text, the correct gauge invariant total Hamiltonian can be obtained applying the following unitary transformation tô
is the unitary operator resulting from the truncation in the two-level space of the unitary operatorR. The minimal coupling replacement in the truncated space Eq. (38) givesĤ
This equation describes the correct (gauge invariant) total Hamiltonian for a fluxonium qubit interacting with an LC circuit in the charge gauge.
